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A B S T R A C T   

Additional equivalent damping ratio (EDR) plays a crucial role in the performance evaluation and 
design methodology of conventional passive dampers. The inclusion of inerter elements has been 
extensively demonstrated to significantly enhance the control efficiency of these passive dampers. 
Recently, negative stiffness (NS) elements have been found potential to enhance the control 
performance of inerter-based dampers (IBDs). However, little research has investigated the 
enhancement effect of NS elements on the additional EDR of IBDs. Meanwhile, the existing design 
methodology for IBDs is response-based, posing challenges in ensuring optimal control efficiency 
and fully utilizing the essential features of inerter and NS elements. In this study, the tuned 
negative stiffness inerter damper (TNSID), which integrates the NS element into one of the 
classical IBDs, namely the tuned inerter damper (TID), is investigated in terms of EDR for seismic 
application. This study makes two primary contributions. Firstly, it proposes an optimization 
design methodology aimed at achieving optimal control performance and efficiency of the TNSID 
simultaneously. Secondly, it unveils the enhancement law for the control performance and effi
ciency of TNSID. To do this, the analytical formulas for additional EDR and EDR enhancement 
(EDRE) factors are established as indicators of control performance and efficiency, respectively. 
Closed-form expressions are derived to optimize the TNSID design parameters. The comparative 
studies are conducted on both single and multi-degree-of-freedom primary structures, utilizing 
closed-form expressions, frequency transfer functions, and time history analysis. Results 
demonstrate that the incorporation of the NS element and the proposed optimization design 
methodology can further enhance both the control performance and efficiency of TNSID, sur
passing those achieved by TID and classical fixed-point optimization theory.   

1. Introduction 

Structural vibration control plays a very important role in the design and retrofitting of civil structures to avoid damage from 
undesired vibration caused by external excitations [1–3]. Passive vibration control devices (passive dampers) have been widely used in 
structural vibration control [4–8], because of the advantages of independence from external energy, high reliability, and simple 
maintenance. Extensive research has been carried out on various devices to achieve a reduction in structural response through different 
energy dissipation mechanisms [9–13]. A common concern in these studies is to improve the control efficiency of the devices, i.e., how 
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to achieve the highest possible control performance with a smaller number of dampers or material consumption [14–17]. 
The inerter is a highly promising inertia element in improving the efficiency of structural vibration control. Its inertial force is based 

on the relative acceleration between the endpoints. A variety of mechanisms have been utilized for the implementation of inerters, 
including the utilization of a ball screw [18,19], rack and pinion systems [20], liquid pumps [21,22], and magnetorheology technology 
[23]. These mechanisms possess the capability to generate substantial inertial force and equivalent inertia mass despite their relatively 
small physical mass. The utilization of inerter elements for structural vibration control through the tuning function can enhance the 
control efficiency by exploiting the mass amplification effect. 

Inerter-based dampers (IBDs) could be constituted by combining the inerter elements with the components of conventional 
dampers. Saito et al. [24] investigated the control performance of IBD by connecting parallel inerter and dashpot elements in series 
with a spring element to form a tuned viscous mass damper (TVMD). Ikago et al. [19] developed a TVMD device utilizing the ball 
screw-flywheel mechanism and the concept of a rotary viscous damper, which was subsequently validated through rigorous shaking 
table tests. Lazar et al. [25] proposed a tuned inerter damper (TID) by connecting the inerter element in series with parallel spring and 
dashpot elements. Marian et al. [26] added an inerter element between the tuned mass damper (TMD) and the structure or foundation 
to propose a tuned mass damper inerter (TMDI) system. Nakamura et al. [27] developed an electromagnetic inertia mass damper 
(EIMD), which consists of a ball screw-flywheel mechanism and a generator to produce an inertial force and a variable damping force, 
respectively. In these IBDs, the inerter elements amplify the deformation of the dashpot elements, thereby creating an energy dissi
pation amplification effect. This effect leads to an enhancement in vibration control efficiency. 

Negative stiffness (NS) elements were initially introduced in the field of seismic resistance by Molyneaux [28] and Platus [29]. 
Unlike ordinary positive stiffness elements, the deformations of NS elements tend to increase when subjected to a force. Carrella et al. 
[30] developed a simple NS system containing one vertical spring and two inclined springs connected in parallel. Similar NS elements 
utilizing spring mechanisms were also presented in [31,32]. Shi and Zhu [33] introduced a magnetic NS system, which consists of 
several permanent magnets arranged within an electro-conductive pipe. The NS systems based on electromagnetic mechanisms could 
also be found in [34,35]. Furthermore, numerous studies have investigated the response mitigation performance when NS elements are 
combined with commonly used dampers such as viscous dampers (VD) [36–38], viscoelastic dampers (VED) [39], and TMD [40]. 

Recently, to further improve the vibration control performance of IBDs, the IBDs containing NS elements (NS-IBD) have received 
attention. Zhao et al. [41] proposed an NS inerter system (NSIS) that combines inerter and dashpot elements with an NS spring in 
parallel, and they are connected in series with a spring element. The analysis results demonstrated that significant energy dissipation 
efficiency and better control performance could be achieved across a wider frequency range. Ye et al. [42] proposed a TID_NSD 
comprising an NS element and a TID in parallel. The numerical analysis indicated that the optimized TID_NSD was more effective than 
the bare TID in controlling the structural displacement and acceleration responses. Barredo et al. [43] introduced the NS-NIDVA, a 
novel dynamic vibration absorber, by combining an NS element in parallel with a TID and connecting them in series with a TMD. The 
analysis results show that additional inerter and NS elements not only reduce the physical mass requirement of the dynamic vibration 
absorber but also enhance its control effectiveness. Wang et al. [44] developed a novel tuned inerter NS damper (TINSD) based on a 
ball screw mechanism and a magnetic-force-induced NS element. The comparison results demonstrate that TINSD is more efficient in 
reducing structural response than TID and TVMD. These studies suggest that incorporating NS elements could further enhance the 
efficiency of IBDs in controlling structural vibrations. 

How to optimize the design parameters of the IBDs is another key issue to achieve efficient control. Numerous researches have been 
carried out on the optimal design methodology for different types of IBDs, among which the first class of representative methods are 
based on the H∞ criterion. For single-degree-of-freedom (SDOF) structures, based on the H∞ criterion, the optimal frequency and 
damping ratio of the supplemental TVMD were obtained by using the fixed-point strategy [45,46]. Jia et al. [47] applied TVMD at the 
extending arms to control the seismic response of frame-core wall structures and optimized the TVMD using the fixed-point strategy. 
Islam and Jangid [48] determined the optimal frequency and damping ratios of TID based on the fixed-point strategy considering the 
undamped SDOF primary structure. For the damped primary structure, the optimal parameters of TID were firstly obtained by nu
merical seeking, and then their closed-form expressions were given by fitting. Marian [49] also derived closed-form expressions for the 
optimal parameters of a TMDI added on an undamped primary structure based on the fixed-point strategy. 

Another significant category of optimization methodology is based on the H2 criterion, which utilizes structural mean square 
responses. Marian and Giaralis [50] employed the mean square displacement response of the primary structure as the objective to 
numerically optimize the TMDI utilizing the "min-max" constraint optimization algorithm. Sun et al. [51] compared the performance 
of ordinary isolated structures with that of isolated structures incorporating an inerter damper (ID) and the tuned inerter damper (TID). 
The study provides closed-form solutions for optimizing the design parameters of the dampers using the H2 criterion. Chen and Tan 
[52] derived closed-form expressions for the optimal design parameters of a TVMD-linear structure system under white noise exci
tation, based on the H2 criterion. The optimal damping and frequency ratios of TMDI under stationary and filtered white noise ex
citations were determined by Jangid [53] using a numerical searching technique. The structural vibration control problem was 
investigated by Djerouni et al. [54], focusing on the utilization of the double mass tuned damper inerter (DMTDI). They conducted an 
optimization process using a genetic algorithm, to minimize the H2 norm of the roof displacement. 

As for the NS-IBDs, the optimization methodology employing H∞ and H2 criteria has also been investigated. Ye et al. [42] 
determined the optimal frequency ratio, damping ratio, and NS of the TID_NSD by utilizing the H∞ criterion. Wang et al. [44] derived 
closed-form expressions for the optimal design parameters of TINSD via the H∞ criterion based on the SDOF primary structure. Islam 
et al. [55] and Li et al. [56] employed optimization approaches based on the H∞ criterion to investigate IBDs involving NS elements. 
Moreover, Islam and Jangid [57] investigated H2 optimal control of negative stiffness and inerter-based dampers as supplemental 
dampers to a damped SDOF system. The seismic response control performance of NS-IBDs for liquid storage tanks has also been 
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investigated [58]. Chowdhury et al. [59] developed negative stiffness inerter passive dampers such as negative stiffness inerter-based 
base isolators (NSIBI), negative stiffness base isolators (NSBI), negative stiffness inerter-based tuned mass dampers (NSITMD), and 
negative stiffness tuned mass dampers (NSTMD). The authors also proposed the corresponding optimization methodology based on H2 
and H∞ criteria for these novel passive vibration dampers. Tai et al. [60] derived the analytical solution for the optimal design pa
rameters of TINSD based on H2 and H∞ criteria. Wang et al. [61] proposed the analytical expressions for the optimal design parameters 
of two novel dynamic vibration absorbers, namely N-TID and N-TVMD, which incorporate inerter and negative stiffness. Su et al. [62] 
proposed an optimal design methodology for the NS-IBDs to balance static amplification and dynamic reduction effects. To balance the 
control performance and design cost, Gao et al. [63] proposed a demand-oriented optimum design methodology of the TNSID for the 
base-isolated structures. Kiran et al. [64] also provided fitting expressions for optimal design parameters of TINSD for isolated 
structures. 

The fixed-point strategy based on H∞ criteria is widely employed in optimization methodologies due to its ability to provide concise 
closed-form expressions for optimal parameters, rendering it particularly advantageous for engineering design, especially in the 
estimation of design parameters during the preliminary design phase. The optimization methodologies based on the structural mean 
square responses (e.g., H2 criteria) can also provide closed-form expressions for the optimal parameters, while others necessitate 
numerical procedures and offer greater flexibility in considering diverse optimization objectives, thereby providing enhanced accu
racy. It is noted that the H∞ and H2 criteria-based optimization methodologies both utilize the structural response level as an indicator 
of control performance. However, the structural response level alone fails to adequately capture the control efficiency of NS-IBDs, i.e., 
the extent to which inerter and NS elements can enhance control performance compared to conventional passive dampers like VD. The 
enhancement of control performance, as previously indicated, is a crucial attribute of both the inerter and NS elements, thus neces
sitating its consideration in the optimal design process. Meanwhile, the additional equivalent damping ratio (EDR) provided by the 
damper to the primary structure is widely recognized as a significant performance index in various design codes and guidelines 
[65-68], making it familiar to engineers. From a practical point of view, the integration of existing design methods for IBDs and NS-IBD 
with the design concepts based on additional EDR becomes intricate due to their predominantly structural response-oriented nature. 

In response to the aforementioned issues, the evaluation of additional EDR provided by IBDs and the development of corresponding 
optimization methods for maximizing control performance enhancement have garnered attention in existing studies. Zhang et al. [69] 
developed an analytical relationship between the vibration control performance of TVMDs and their damping enhancement effect. 
Moreover, a numerical optimization scheme for the IBD parameters was formulated, with the objectives of structural response 
reduction factor and damping enhancement level. Pan et al. [70] derived an analytical expression for the additional EDR provided by 
TVMD considering the stochastic response of SDOF structures with TVMD and gave closed-form expressions to optimize the design 
parameters for maximum damping enhancement. Hao et al. [71] developed expressions for the additional EDR and its enhancement 
factor for SDOF and MDOF structures equipped with TID. The TID locations were considered, and closed-form expressions for the 
optimal parameters based on the control performance and control efficiency were given. Li et al. [72] presented an optimal design 
process for a novel tuned inerter eddy current damper (TIECD) based on the additional EDR and its enhancement effect. 

However, the additional EDR of NS-IBDs and their control performance enhancement have not been sufficiently investigated. As 
stated above, the evaluation of the additional EDR of NS-IBDs facilitates a comparative analysis of control performance with con
ventional passive dampers based on identical indices, enabling optimal design based on a general concept. The incorporation of NS 
elements is crucial in IBDs as it significantly enhances control efficiency, serving as one of the primary objectives. Therefore, the 
optimization of NS-IBDs to maximize their enhancement effect, considering the additional improvement brought by NS on the control 
efficiency of IBDs through EDR, can facilitate the comprehensive application of the inerter and NS elements. 

This study focuses on one typical type of NS-IBDs, namely TNSID, which comprises the TID attached to NS elements. The objective 
of this study is to investigate the structural vibration control performance and control efficiency of TNSID from the perspective of 
additional EDR. The organization of this study is as follows. Section 2 presents evaluation formulas for additional EDR and equivalent 
damping ratio enhancement (EDRE) factor of TNSID, which serve as indicators of vibration control performance and control efficiency, 

Fig. 1. Schematic for an SDOF primary structure equipped with (a) TID and (b) TNSID.  
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respectively. Section 3 develops closed-form expressions for the optimal design parameter of the TNSID, utilizing the two indicators as 
optimization objectives. By considering the SDOF and MDOF primary structures coupled with TNSIDs, Section 4 verifies the 
enhancement effect of additional NS elements on TID control efficiency, as well as confirms the validity of the proposed optimization 
methodology. 

2. Theoretical analysis 

In this section, the theoretical model for the SDOF primary structure coupled with a TNSID is provided. The formulas for the 
additional EDR of TNSID are derived based on the assumption that the seismic excitations are ideal white noise processes. The EDRE 
factor is introduced to demonstrate the improved control performance of TNSID resulting from the incorporation of inerter and NS 
elements. 

2.1. Theoretical model of SDOF structure coupled with TNSID 

To improve the control performance of an IBD like TID (Fig. 1(a)), TNSID is explored by combining the NS, inerter, spring, and 
dashpot elements, as shown in Fig. 1(b). Let m1, k1, and c1 denote the mass, stiffness, and damping coefficient of the primary structure, 
respectively; mT, kT , and cT represent the TNSID inertia mass, stiffness, and damping coefficient, respectively; kns is the stiffness co
efficient of the NS element; xT denotes the deformation of the inerter and NS elements; x1 is the displacement of the primary structure 
relative to the ground. The governing motion equations of the structure-TNSID system subjected to the seismic ground motion ẍg could 
be written as: 

[
m1 0
0 mT

]{
ẍ1
ẍT

}

+

[
c1 + cT − cT
− cT cT

]{
ẋ1
ẋT

}

+

[
k1 + kT − kT
− kT kT + kns

]{
x1
xT

}

= −

{
m1
0

}

ẍg. (1) 

By defining the system parameters listed in Table 1, Eq. (1) could be rewritten as: 
[

1 0
0 μ

]{
ẍ1
ẍT

}

+

[
2(ζ1 + ζT)ω1 − 2ζTω1

− 2ζTω1 2ζTω1

]{
ẋ1
ẋT

}

+

[ (
1 + μγ2)ω2

1 − μγ2ω2
1

− μγ2ω2
1 (1 + β)μγ2ω2

1

]{
x1
xT

}

= −

{
1
0

}

ẍg. (2) 

Assuming that the frequency of the seismic ground motion is ω, the displacement frequency transfer function of the primary 
structure could be obtained as: 

HTNSID
1 (iω) = −

− ω2μ + iω(2ζTω1) + ω2
1μγ2(1 + β)

{
ω4μ − iω3[2ω1(ζT + μζT + μζ1)] − ω2ω2

1
[
(μ + 4ζ1ζT) + μγ2(1 + μ + β)

]

+iω
[
2ω3

1
(
ζT + μγ2ζ1

)
+ 2ω3

1μβγ2(ζT + ζ1)
]
+ ω4

1μγ2( 1 + β + μβγ2)

}. (3)  

2.2. Equivalent damping ratio of TNSID 

Assuming that the seismic ground motion ẍg is an ideal white noise process with a constant spectral density of S0, the mean square 
displacement response of the primary structure with TNSID could be formulated as [73]: 

δ2
x1

= S0

∫ ∞

− ∞

⃒
⃒HTNSID

1 (iω)
⃒
⃒2dω =

πS0Δ
2ω3

1
, (4)  

where, 

Table 1 
Definition of system parameters.  

Parameters Definition 

ω1 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k1/m1

√ Frequency of the primary structure 

ωT =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kT/mT

√ Frequency of TNSID 
ζ1 = c1/(2m1ω1) Damping ratio of the primary structure 
ζT = cT/(2m1ω1) Damping ratio of TNSID 
μ = mT/m1 Inertia mass ratio of TNSID 
γ = ωT/ω1 Frequency ratio of TNSID 
β = kns/kT NS ratio of TNSID  
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Δ =
1

1 + β(1 + μγ2)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

μ4γ4(ζT + ζ1 + βζ1) + μ3γ2ζT
[
2γ2(1 + β) − 1

]

+μ2ζT

[
γ4(1 + β)3

+
(
4γ2ζ2

1 − 2γ2)(1 + β)2
+ 4γ2ζ1ζT

(
β2 + 3β + 1

)
+ 4γ2βζ2

T + 1 + β
]

+4μζ2
T

[
γ2ζ1(1 + β)2

+ ζ1(1 + β) + ζT
(
βγ2 + β + 1

)]
+ 4ζ3

T(1 + β)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

{ μ4γ4ζ1(ζT + ζ1)+2μ3γ4ζ1ζT + 4μζ1ζ2
T
[
γ2(βζT + βζ1 + ζ1) + ζ1 + ζT

]
+ 4ζ1ζ3

T

+μ2ζT

[
γ4ζ1(1 + β)2

+ γ4β2ζT + 2γ2(βζT + βζ1 + ζ1)
(
2ζ2

1 + 2ζ1ζT − 1
)
+ ζ1 + ζT

]

} . (5) 

Regarding the vibration control performance of TNSID as the EDR added to the primary structure, an equivalent structure with an 
enhanced damping ratio ζe = ζ1 + ζTNSID

s could be defined, where ζTNSID
s represents the additional EDR offered by TNSID. Similarly, the 

mean square displacement response for the equivalent structure could be expressed as [74,75]: 

δ2
e = πS0/(2ζeω3

1
)
. (6) 

By aligning the displacement response of the primary structure with TNSID to that of the equivalent structure (i.e., δ2
x1 

= δ2
e ), ζTNSID

s 

could be obtained as: 

ζTNSID
s =

1
Δ
− ζ1. (7) 

It is noted that a larger ζTNSID
s indicates a better control performance of TNSID for the seismic response of the primary structure. 

2.3. Equivalent damping ratio enhancement effect 

An essential feature of TID is to improve the control performance of the dashpot element through the inerter element, thus 
achieving a higher control efficiency. The purpose of introducing the NS element in TNSID is to realize a further enhancement in 
control efficiency, which will be reflected as a further increment in the EDR of the structure-TNSID system. Furthermore, in comparison 
to the EDR provided by the dashpot element in TID, the increase in EDR observed for the structure-TNSID system can serve as an 
indicator of both the EDRE effect of the NS element and the control efficiency of the TNSID. Thus, the EDRE factor can be defined as: 

GTNSID = ζTNSID
s − ζT . (8)  

where ζT denotes the damping ratio of TNSID and EDR of the dashpot element. The superior control performance of TNSID compared 
to the bare dashpot is guaranteed when GTNSID exceeds zero. 

3. Parameter optimization of TNSID 

In this section, closed-form expressions for the TNSID optimal parameters are proposed to obtain the maximum additional EDR and 
EDRE factor simultaneously. The influence of TNSID parameters on the additional EDR and EDRE factor are revealed through para
metric studies. The superiority of the proposed closed-form expressions is demonstrated by comparing them with the expressions based 
on the fixed-point strategy. Moreover, a comparison between TNSID and TID is conducted to demonstrate the potential of the NS 
element in enhancing the control efficiency. 

3.1. Closed-form solution of TNSID optimal parameters 

Herein, the inertia mass ratio μ and NS ratio β of TNSID should be predetermined, considering the production difficulty and cost of 
the inerter and NS elements. Obviously, according to the definition of the EDRE factor in Eq. (8), the partial derivatives of ζTNSID

s and 
GTNSID are identical with respect to the variables except the damping ratio ζT . In other words, the optimal control performance and 
control efficiency of TNSID could be achieved simultaneously by the same design parameters. Furthermore, EDR is a monotonic 
function of mass ratio μ and has no extreme points. Therefore, to achieve the maximum additional EDR and EDRE factor simulta
neously, the TNSID parameters should yield: 

∂GTNSID

∂β
=

∂ζTNSID
s
∂β

= 0 and
∂GTNSID

∂γ
=

∂ζTNSID
s
∂γ

= 0. (9) 

ζTNSID
s is selected as the optimization objective to attain the maximum control performance for TNSID. Additionally, GTNSID is 

adopted as the optimization objective for the highest TNSID control efficiency, aiming to achieve the maximum additional EDR with 
the lowest damping ratio ζT. 

Ignoring the inherent damping ratio of the primary structure (i.e., ζ1 = 0), by solving Eq. (9), the optimal damping ratio of TNSID 
could be obtained as: 

ζTopt1 =
μγ

2(1 + β + μβγ2)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅μ
2 + μ (a4γ4 + a2γ2 + a0)

√

, (10) 

H. He et al.                                                                                                                                                                                                              



Journal of Sound and Vibration 589 (2024) 118538

6

where, 
⎧
⎨

⎩

a4 = β
(
1 − μ2 + 3β + 3β2 + β3)

a2 = − 2(1 + β)
[
μ + (1 + β)2

]

a0 = (1 + β)2

. (11) 

Meanwhile, the optimal frequency ratio of TNSID could be obtained as: 

γopt1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− b1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

b2
1 − 4b0b2

√

2b2

√
√
√
√

, (12)  

where, 

⎧
⎪⎪⎨

⎪⎪⎩

b2 = βμ3
[
− 2β3(1 + μ) + β

(
6 + 8μ + 4μ2 − 3βμ

)
+ (4 + 5μ)(1 + μ)2

]

b1 = μ2

[
β3( 4 + 6μ + 4μ2)+ β2( 12 + 16μ + 11μ2)

+β
(
12 + 22μ + 18μ2 + 4μ3)+

(
4 + 4μ − μ2)(1 + μ)2

]

b0 = − 2μ2(1 + β)2( 2 + 2μ + μ2)

. (13) 

It is noted that for stability, the stiffness of the structure-TNSID system must be positive. Therefore, the lower and upper thresholds 
of the NS ratio β must satisfy Eq. (14) [56]. 

− 1
1 + μγ2 < β < 0. (14) 

Given the primary structure information, as shown in Fig. 2, the optimal parameters of TNSID could be preliminarily estimated 
following the process as follows:  

1) Determine the parameters of the primary structure based on the modal analysis, including the generalized mass m1, frequency ω1, 
and damping ratio ζ1 for the fundamental mode.  

2) Assume the inertia mass ratio μ for the inerter element and the NS ratio β for the NS element.  
3) calculate the optimal damping ratio ζTopt1 and frequency ratio γopt1 of TNSID using Eqs. (10) and (12).  
4) check whether the assumed β is within the reasonable range according to Eq. (14) to ensure that the overall structural stiffness is 

positive, if β is out of the acceptable range, go back to step 2) and adjust the value of β.  
5) If β is within the reasonable range, the inertia mass mT, stiffness kT, negative stiffness kns, and frequency ratio of the TNSID could be 

preliminarily estimated based on the definitions provided in Table 1. Further detailed design for TNSID and the primary structure 
could be conducted based on the preliminary estimated parameters. 

Fig. 2. Flowchart of the TNSID design procedure.  
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3.2. Parametric study 

Considering the feasibility of the device and the adverse effect of excessive low negative stiffness on structural stability, the lower 
limit of the NS ratio is set to be − 0.3 in this study, with reference to the existing studies. The analysis results in Fig. 3 demonstrate the 
influence of the structural damping ratio ζ1 on TNSID parameters for an NS ratio β = − 0.3. For the TNSID optimal damping ratio 
ζTopt1 and optimal frequency ratio γopt1, the closed-form solutions presented in Eqs. (10) to (14) consistent with the numerical solution 
when the main structure is undamped (i.e., ζ1 = 0), which verifies the correctness of the closed-form solutions. Herein, the 
enumeration optimization method can be utilized to obtain the numerical solution of ζTopt1 and γopt1 to maximize ζTNSID

s or GTNSID. As 
observed in Fig. 3, ζ1 has a minor influence on ζTopt1 and γopt1, indicating the reasonability of the hypothesis of ζ1= 0 for deriving the 
closed-form solutions. This can also be supported by that the results of EDR ζTNSID

s and EDRE factor GTNSID based on the closed-form 
solution agree well with the numerical solution for various ζ1. 

The results presented in Fig. 3(c) demonstrate that ζTNSID
s exhibits a positive correlation with μ, while a negative correlation with ζ1. 

This indicates that increasing the inertia mass ratio enhances the control performance of TNSID, while a larger structural damping ratio 
weakens it. Fig. 3(d) illustrates a negative correlation between GTNSID and ζ1, indicating that an increase in the structural damping ratio 
has an adverse impact on the EDRE effect of TNSID. Moreover, GTNSID exhibits an remarkable upward trend as μ increases when μ is less 
than 0.1, in which case increasing the inertia mass ratio significantly improves the EDRE effect of TNSID. However, if μ continues to 
increase, a decrease in GTNSID occurs when μ > 0.5. In particular, GTNSID may become negative when μ is excessively large, which 
implies that the control performance of TNSID is inferior to that of the bare dashpot; in such cases, utilizing TNSID would be 
meaningless. In order to fully utilize the EDRE effect with the smallest possible inertia mass, it is recommended that the value of the 

Fig. 3. Influence of structural damping ratio ζ1 on TNSID parameters for NS ratio β = − 0.3; (a) optimal damping ratio ζTopt1, (b) optimal 
frequency ratio γopt1, (c) additional EDR ζTNSID

s , and (d) EDRE factor GTNSID. 
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TNSID inertia mass ratio μ be less than 0.1. Furthermore, in order to avoid the degradation of the EDRE effect, μ should be less than 0.5. 
According to the discussion above, it can be concluded that the closed-form solutions of TNSID optimal parameters (i.e., ζTopt1 and 

γopt1) are correct. The structural damping ratio exerts a negligible influence on the optimal parameters of TNSID, which supports the 
reasonability of disregarding this factor in deriving the closed-form solutions. Increasing the inertia mass ratio enhances the control 
performance of TNSID. In this study, the TNSID inertia mass ratio μ is recommended to be below 0.1 for efficiently utilizing the EDRE 
effect. 

The variation of TNSID parameters with inertia mass ratio μ and NS ratio β for ζ1= 0.02 is prepared, as shown in Fig. 4, where β is 
assumed to range from 0 to − 0.3. An increase in ζTopt1 can be observed as both μ and |β| increase, suggesting that the optimal damping 
ratio of TNSID becomes larger with the increment of inertia mass ratio and absolute value of NS ratio. In addition, the optimal fre
quency ratio of TNSID increases with the decrease in inertia mass ratio and the increase in absolute value of NS ratio, as observed in 
Fig. 4(b). It is evident that ζTNSID

s and GTNSID exhibits a positive correlation with both μ and |β|. Therefore, the control performance and 
EDRE effect of TNSID can be improved by increasing the inertia mass ratio and NS ratio. 

3.3. Performance comparison 

The optimization method of TNSID was previously proposed by Li et al. [56] based on the fixed-point strategy, where the optimal 
frequency and damping ratios of TNSID are obtained as follows: 

Fig. 4. Variation of TNSID parameters with inertia mass ratio μ and NS ratio β for ζ1 = 0.02; (a) optimal damping ratio ζTopt1, (b) optimal frequency 
ratio γopt1, (c) additional EDR ζTNSID

s , and (d) EDRE factor GTNSID. The red curve represents β = 0. 
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γopt2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

(1 + μ)2
+ β

√

and ζopt2 =
1

2μγ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(3 + 3μ + 3β + 2μβ)μ

(2 + μ)β2 + 2β(1 + μ)(2 + μ) + 2(1 + μ)2

√

. (15) 

To illustrate the difference between the proposed optimization method based on EDR and the fixed-point strategy-based method, 
comparison results of the optimal design parameters and performance indicators for TNSID and TID are presented in Figs. 5 and 6. 
TNSID1 is optimized by the proposed Eqs. (10) to (13), and TNSID2 is optimized according to Eq. (15). Meanwhile, TID1 and TID2 are 
designed based on the EDR and the fixed-point strategy, respectively. 

As illustrated in Fig. 5, the value of γopt for TNSID1 is close to that of TNSID2 when μ is less than 0.1, whereas γopt for TNSID1 
increasingly surpasses that of TNSID2 when μ exceeds 0.1. The values of ζTopt for TNSID1 and TID1 are comparatively lower than those 
for TNSID2 and TID2, implying that the proposed method requires a lower optimal damping ratio in comparison to the fixed-point 
strategy-based method. The values of ζTopt and γopt for TNSID1 are lower than those for TID1 for a smaller |β|, and exceeds the 
values for TID1 as |β| increases. It is noted that for β = 0, the values of ζTopt for TNSID1 and TID1 do not align. This is because the partial 
differential variable on the left side in Eq. (9) is β, whereas on the left side in Eq. (A7) is μ, which makes the derived expressions for ζTopt 

different. Meanwhile, the value of ζTopt for TID2 is equal to that of TNSID2 when β = 0, since the expressions for ζTopt of TNSID2 and 
TID2 become identical. 

The abscissa in Fig. 6 is set as ζT to enhance the visibility of the EDRE effect. The additional EDR and EDRE factors for TNSID1 and 
TID1 exhibit a positive correlation with the damping ratio ζT, suggesting that enlarging ζT could improve the control performance and 
control efficiency of both the TNSID1 and TID1 designed by the proposed method. The increase of ζT also leads to improvement in the 
additional EDR and the control performance of TNSID2 and TID2. However, the EDRE factor for TNSID2 and TID2 is positively related 
to ζT only when ζT<0.04, in which case the enlargement of ζT would be beneficial for enhancing their EDRE effect. As ζT continues to 
increase, the enlargement of ζT weakens the EDRE effect of TNSID2 and TID2, and is not beneficial for improving the control efficiency. 
The additional EDR and EDRE factors for TNSID1 and TNSID2 exhibit positive correlations with |β|, suggesting that enlarging the NS 
ratio could also improve the control performance and efficiency of TNSIDs. 

From Fig. 6(a), the additional EDR for TNSID1 is larger than that for TID1 except for |β| close to zero, and the additional EDR for 
TNSID2 is always larger than that for TID2. This reveals the potential of the NS element in enhancing the TNSID control performance. 
In general, the additional EDR for TNSID1 and TID1 surpasses those for TNSID2 and TID2. This highlights the advantage of the 
proposed optimization method over the fixed-point strategy-based method, in terms of enhancing the control performance. It is noted 
that the additional EDR for TNSID2 is smaller than that of TID1 when ζT is larger than 0.02, indicating that the control performance of 
the TNSID optimized based on the fixed-point strategy could be smaller than that of the TID with the same ζT, even after introducing 
the NS element. Considering the manufacturing limitations of devices such as fluid dampers, it is recommended to set the damping 
ratio to be less than 1 %, by which the control efficiency of TNSID1 surpasses the highest possible level of TNSID2 at any value of ζT. 

In Fig. 6(b), the EDRE factor for TNSID1 is observed to be larger than that of TNSID2, indicating a superior EDRE effect of TNSID1. 
This is attributed to the fact that the optimal design objective of TNSID1 is to maximize the additional EDR ζTNSID

s with a minimum 
damping ratio ζT . This trend becomes increasingly significant with the increase of |β|. Thus, enlarging the NS ratio could further 
enhance the EDRE effect of TNSID relative to the dashpot element. In conclusion, the utilization of the NS element is highly advan
tageous in improving both the control performance and control efficiency of the TNSID1 designed by the proposed design method. 

To summarize, based on the same damping ratio ζT, the TNSID1 optimized using the proposed method could achieve a higher 
additional EDR and EDRE factor compared to the TNSID2 and TID2 designed by the fixed-point strategy. This highlights the superiority 

Fig. 5. Comparison results of optimal parameters for TNSIDs and TIDs with the same inertia mass ratio μ; (a) optimal damping ratio ζTopt and (b) 
optimal frequency ratio γopt. 
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of the proposed optimization method and reveals the potential of the NS element in terms of enhancing the control performance and 
efficiency of TNSID. 

4. Validation and implementation of TNSID 

In this section, the optimized TNSID is validated and implemented for both SDOF and MDOF structures, utilizing frequency transfer 
function analysis and time-history analysis to consider harmonic and real seismic ground motions, respectively. 

4.1. Performance validation of TNSID for SDOF structures 

Considering an SDOF structure with a period of one second and an inherent damping ratio of ζ1 = 0.02. As the control perfor
mance and efficiency of TNSID improve with the increase of |β|, the NS ratio is taken as − 0.3 here to clearly exhibit the difference 
between TNSID and the devices without NS element and also to highlight the advantages of the proposed optimization method. The 
damping ratio ζT for all the additional devices are assumed to be 0.1 %, 0.3 %, and 0.6 %, the corresponding design parameters of 
various control devices are listed in Table 2. It is noted that to better illustrate the EDRE effect of TNSIDs and TIDs, this section also 
presents the design and analysis results of the VD, which has the same damping coefficient as the dashpot element in the TNSID and 
TID. Herein, the TNSID1 and TID1 are designed by the proposed method based on EDR, while the TNSID2 and TID2 are designed based 
on the fixed-point strategy. 

The displacement frequency transfer functions of the primary structure controlled by each of the devices are presented in Fig. 7. The 
control frequency band (CFB) of TID2 is regarded as the reference standard for the control bandwidth. It is well known that TID2 is 
effective in reducing the structural displacement response within the CFB range, while its control performance deteriorates and the 

Fig. 6. Comparison results of control performance for TNSIDs and TIDs with the same damping ratio ζT ; (a) additional EDR and (b) EDRE factor.  

Table 2 
Design results of various control devices for SDOF structures.  

Devices Design formula Parameters Damping ratio ζT 

ζT = 0.1 % ζT = 0.3 % ζT = 0.6 % 

TNSID1 
Eqs. (10) to (13) 
(EDR-based) 

β − 0.3 − 0.3 − 0.3 
μ 0.0168 0.0354 0.0581 
γ 1.1647 1.1335 1.0986 

TNSID2 
Equation (15) 
(Fixed-point strategy-based) 

β − 0.3 − 0.3 − 0.3 
μ 0.0111 0.0236 0.0378 
γ 1.1766 1.1564 1.1344 

TID1 
Eq. (A8) 
(EDR-based) 

μ 0.0205 0.0435 0.0705 
γ 0.9849 0.9687 0.9505 

TID2 
Eq. (A4) 
(Fixed-point strategy-based) 

μ 0.0142 0.0297 0.0480 
γ 0.9860 0.9712 0.9542 

VD Same damping coefficient 
as TNSIDs and TIDs 

ζT 0.1 % 0.3 % 0.6 %  
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Fig. 7. Displacement frequency transfer functions of the primary structure with various control devices for β = − 0.3 and ζ1 = 0.02; (a) ζT = 0.1 %, (b) ζT = 0.3 %, and (c) ζT = 0.6 %.  
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response might even be amplified beyond the CFB range. The expansion of the CFB indicates that the effectiveness of controlling the 
displacement response of the primary structure under seismic excitations can be enhanced across a wider frequency range. 

The frequency transfer function under the control of TID1 is comparatively lower than that of TID2 within the CFB, indicating the 
superior control performance of TID1 over TID2 within the CFB. However, the control performance of TID1 is inferior to that of TID2 
beyond the CFB. The above phenomenon could also be observed between TNSID1 and TNSID2. This verifies that the proposed EDR- 
based design methodology allows TID1 and TNSID1 to achieve better control performance within the CFB than the corresponding TID2 
and TNSID2 designed based on the fixed-point strategy. In addition, with the same values of ζT , the frequency transfer functions under 
the control of the TNSIDs exhibit smaller magnitudes compared to those of TIDs within CFB, thereby demonstrating the potential of the 
NS element in enhancing the control performance. Moreover, without the inerter and NS elements, the frequency transfer function 
peaks under the control of VD are significantly higher than those of TNSIDs and TIDs, and when the damping ratio ζT = 0.1 %, the 
frequency transfer function of VD almost coincides with that of the noncontrol structure, indicating a poor control performance of VD. 
Meanwhile, the peak values of TID1 and TNSID1 are only 36 % and 28 % of the noncontrol structure, respectively. It is verified that by 
using the same ζT, the control efficiency of TID1 is significantly improved, while that of TNSID1 is further enhanced by introducing the 
NS element. Obviously, the control efficiencies of TID1 and TNSID1 also surpass those of TID2 and TNSID2, which are designed using 
the fixed-point strategy. 

Compared to the harmonic seismic excitations considered in the frequency transfer function analysis, the actual seismic excitations 
exhibit greater complexity and randomness in the frequency components and spectral distributions. Under seismic excitations with 
different spectral characteristics, to assess the robustness of the trends reflected by the above frequency transfer functions, further 
investigations were carried out by time history analysis to compare the control performance of different devices based on different 
optimization methodologies. Based on the spectral characteristics of twenty ground motion records suggested by FEMA-440 [76], two 
groups of ten records each were created. Table 3 presents comprehensive information for each ground motion, while Fig. 8 illustrates 
the velocity spectra and their corresponding averages for the two groups of ground motions with a damping ratio of 2 %. The dominant 
frequencies in the velocity spectra for the first group of ground motions are predominantly centered around 0.5 seconds (referred to as 
the SP group), whereas for the second group, they exhibit a pronounced concentration around 1.0 seconds (referred to as the LP group). 
These two groups represent two types of ground motions with different spectral distribution patterns and predominant periods. 

Meanwhile, SDOF primary structures with periods of 0.5s, 1.0s, and 2.0s are considered to represent short-, medium-, and long- 
period structures respectively. The mean response reduction factors (RRFs) of the three SDOF structures by supplementing TNSIDs, 
TIDs, and VDs are shown in Figs. 9 and 10. The RRF for the three devices under the i-th ground motion is defined as 

TNSID1RRF =
NCdp,i − TNSID1dp,i

NCdp,i
, TID1RRF =

NCdp,i − TID1dp,i

NCdp,i
, VD1RRF =

NCdp,i − VD1dp,i

NCdp,i
, (16)  

where TNSID1dp,i, TID1dp,i, and VD1dp,i denote the peak displacement responses of structures with the three devices under the i-th ground 
motion. TNSID1 and TID1 are designed using the proposed optimization methodology based on EDR. The damping coefficient of VD1 
is the same as that of TNSID1. NCdp,i denotes the peak displacement response of the noncontrol structure under the same ground 
motion. When varying the inertia mass ratio μ, the parameters of TNSID1, TID1, and VD1 could be determined separately. Time history 
analyses were performed on both the controlled and noncontrol structures, by inputting the two groups of ground motions. For each 
group, mean values of the RRFs in Eq. (16) were obtained statistically. As depicted in Figs. 9 and 10, given the different structural 
periods and spectral characteristics of the ground motions, the control performance of TNSID1 is significantly better than that of VD1, 
indicating that the TNSID1 designed by the proposed methodology can achieve superior control efficiency. Moreover, it is demon
strated that the control performance of TNSID1 is consistently better than that of TID1 under the ground motions with different 
spectral characteristics, indicating that the additional NS further improves the control performance of TID. 

Table 3 
Utilized ground motion records adopted from Appendix C of FEMA-440.  

SP group LP group 

Name Magnitude 
(Ms) 

Station 
Number 

PGA(cm/s2) Name Magnitude 
(Ms) 

Station number PGA(cm/s2) 

Northridge 6.8 24399 228.5 Loma Prieta 7.1 1590 134.7 
Whittier Narrows 6.1 141 133.8 Loma Prieta 7.1 1590 

(USGS) 
94.6 

Imperial Valley 6.8 286 189.2 Loma Prieta 7.1 1002 
(USGS) 

270 

San Fernando 6.5 269 133.4 Loma Prieta 7.1 1002 
(USGS) 

222 

Loma Prieta 7.1 58135 433.1 Loma Prieta 7.1 58117 112 
Morgan Hill 6.1 47006 95 Loma Prieta 7.1 1662 

(USGS) 
254.7 

Northridge 6.8 90021 393.3 Loma Prieta 7.1 58223 231.5 
Loma Prieta 7.1 47381 531.7 Loma Prieta 7.1 58472 281.4 
Imperial Valley 6.8 5053 269.6 Loma Prieta 7.1 58224 191.3 
Morgan Hill 6.1 57425 183 Loma Prieta 7.1 58224 239.4  
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Moreover, for the first group of seismic motions, when the structural period is 0.5 s, the superiority of the control performance of 
TNSID1 relative to TID1 is more evident. Similarly, TNSID1 shows a more significant control performance than TID1 for the second 
group of seismic motions, when the structural period is 1.0 s. This indicates that the enhancement effect of NS on the control 

Fig. 8. Velocity response spectra at damping ratio of 2 % for ground motions of (a) SP group and (b) LP group.  

Fig. 9. Response reduction factor (RRF) of SDOF structures achieved by various devices under SP group of ground motions, considering structural 
periods as (a) 0.5 s, (b) 1.0 s, and (c) 2.0 s. 

Fig. 10. Response reduction factor (RRF) of SDOF structures achieved by various devices under LP group of ground motions, considering structural 
periods as (a) 0.5 s, (b) 1.0 s, and (c) 2.0 s. 
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performance of TID is influenced by the spectral characteristics of the ground motion. The enhancement effect is even more significant 
when the dominant period of the velocity spectrum is close to the structural period. 

The mean control efficiency indices (CEIs) of TNSID1 and TNSID2 on the three SDOF structures are compared in Figs. 11 and 12. 
TNSID1 and TNSID2 were designed by the proposed optimization methodology based on EDR and fixed-point strategy, respectively. 
Under the i th ground motion, the CEI of TNSID1 and TNSID2 are defined as 

TNSID1CEI = VD1dp,i

TNSID1dp,i
, TNSID2CEI = VD2dp,i

TNSID2dp,i
, (17)  

where TNSID1dp,i and TNSID2dp,i denote the peak displacement responses of the SDOF structures controlled by the TNSID1 and TNSID2 
under the i-th ground motion, respectively. VD1dp,i and VD2dp,i denote the peak displacement responses of the SDOF structures with VD1 
and VD2, which have the same damping ratios as TNSID1 and TNSID2, respectively. Time history analyses were performed on the 
SDOF structures with and without dampers by inputting the two groups of ground motions. For each group, CEIs were calculated by Eq. 
(17), and the mean values were obtained statistically. As depicted in Figs. 11 and 12, for structures with varying periods and ground 
motions with different spectral characteristics, the control efficiency of TNSID1 is higher than that of TNSID2. That is to say, compared 
to the optimization method based on the fixed-point strategy, the proposed optimization method enables TNSID to enhance the control 
performance of VD to a higher level, while TNSID and VD have the same damping ratio. Similar to Figs. 9 and 10, when the structural 
period is close to the dominant period of the ground motion velocity spectrum, the advantage of the proposed optimization method in 
terms of control efficiency is more significant, and the mean CEI of TNSID1 is more evidently higher than that of TNSID2. 

According to the time history analysis results above, the superiority of the proposed methodology and the potential of the NS 
element in enhancing the control performance and efficiency of TNSID are verified. The enhancement effect is robust for structures 
with different periods and ground motions with different spectral characteristics. The enhancement effect becomes more evident when 
the structural period is close to the predominant period of the ground motion. 

4.2. Implementation of TNSID for an MDOF structure 

The MDOF model [56,71,77,78] shown in Fig. 13 for a five-story steel structure is utilized to investigate the implementation of 
TNSID in the building structure. The first three periods of this building are 0.992 s, 0.354 s, and 0.223 s. The vibration control per
formance of TNSID, TID, and VD are compared. Note that all the control devices are assumed to be installed on the first story to 
eliminate any potential impact from the device location. 

The optimization methodologies for the devices could be applied to the MDOF structure by simplifying it into an equivalent SDOF 
structure based on the fundamental mode. By suppressing the fundamental modal response, it is possible to maximize the control 
performance of the devices [e.g. 25,26,56]. Considering ζT = 0.1 %, 0.3 %, 0.6 %, and β = − 0.3, the optimal design results for the 
TNSIDs and TIDs could be provided in Table 4, based on the optimal results in Table 2, together with the natural frequency and 
generalized mass of the fundamental mode. It is noted that in this study, the damping coefficient of the control devices is considered to 
be the main limiting factor in the design parameters considering the limitations of the production process. Therefore, the optimization 
objective of TNSID is to achieve the best control performance with the lowest damping coefficient, that is to realize the best control 
efficiency while considering the engineering feasibility. In Table 4, the maximum damping coefficient for the control devices is 750.14 
kN•s/m, which is considered to be physically achievable for real devices such as a fluid damper. 

Fig. 14 shows the mean peak interstory drift angle (IDA) response of the primary structure controlled by various devices under the 
ten ground motions of the LP group. The results demonstrate that both TNSIDs and TIDs exhibit superior control performance than 
VDs, indicating a significant EDRE effect. The control performance of TID1 and TNSID1 are better than those of TID2 and TNSID2, 
respectively. It verifies the advantages of the proposed EDR-based design methodology over the fixed-point strategy-based method. 

Fig. 11. Control efficiency index (CEI) of SDOF structures achieved by various devices under SP group of ground motions, considering structural 
periods as (a) 0.5 s, (b) 1.0 s, and (c) 2.0 s. 
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Fig. 12. Control efficiency index (CEI) of SDOF structures achieved by various devices under LP group of ground motions, considering structural 
periods as (a) 0.5 s, (b) 1.0 s, (c) 2.0 s. 

Fig. 13. MDOF model of the Kajima-Shizuoka building.  

Table 4 
Design results of various control devices when β = − 0.3.  

Devices Design formula Parameters Damping ratio ζT 

ζT = 0.1 % ζT = 0.3 % ζT = 0.6 % 

TNSID1 
Eqs. (10) to (13) 
(EDR-based) 

cT (×102 kN•s/m) 1.3016 3.7834 7.5014 
mT (×105 kg) 1.6473 3.4710 5.6968 
kT (×104 kN/m) 0.8967 1.7895 2.7592 
kns (×103 kN/m) − 2.6900 − 5.3684 − 8.2775 

TNSID2 
Eq. (15) 
(Fixed-point strategy-based) 

cT (×102 kN•s/m) 1.3016 3.7834 7.5014 
mT (×105 kg) 1.0884 2.3140 3.7063 
kT (×104 kN/m) 0.6046 1.2418 1.9141 
kns (×103 kN/m) − 1.8139 − 3.7254 − 5.7422 

TID1 
Eq. (A8) 
(EDR-based) 

cT (×102 kN•s/m) 1.3016 3.7834 7.5014 
mT (×105 kg) 2.0100 4.2652 6.9126 
kT (×104 kN/m) 0.7825 1.6060 2.5059 

TID2 
Eq. (A4) 
(Fixed-point strategy-based) 

cT (×102 kN•s/m) 1.3016 3.7834 7.5014 
mT (×105 kg) 1.3923 2.9121 4.7064 
kT (×104 kN/m) 0.5470 1.1021 1.7196 

VD Same damping coefficient 
as TNSIDs and TIDs 

cT (×102 kN•s/m) 1.3016 3.7834 7.5014  
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The control efficiency of TNSID1 is improved compared to TID1, demonstrating the enhancement effect of the NS element. 
Fig. 15 shows the mean RRF of the peak IDA responses of the primary structure under the control of the various devices, while the 

ten LP ground motions are considered. For all the values of ζT and all the stories, the RRFs of TNSIDs and TIDs are significantly higher 
than those of VDs, confirming the high control efficiency resulting from the inerter and NS elements. Furthermore, benefiting from the 
additional NS elements and the proposed EDR-based optimization method, the RRFs under the control of TNSID1 are always the 
largest, implying the maximum control performance. With the same NS element, TNSID2 optimized using the fixed-point strategy has a 
lower RRF compared to TNSID1. For the lower floors, the control performance of TNSID2 could be even lower than that of the TID 
optimized based on EDR, indicating that the enhancement effect of the NS element has not been fully utilized. It is also observed that 
the TNSID1 and TID1 optimized using the proposed EDR-based method achieve the maximum RRF at the bottom story where the 
devices are located, and this trend becomes more evident with the increase of the damping ratio ζT. Whereas, for the TNSID2 and TID2 
optimized based on the fixed-point strategy, the effect of the device position on the control performance of the interstory drift response 

Fig. 14. Mean peak interstory drift angle (IDA) of noncontrol and controlled primary structures under LP group of ground motions, while damping 
ratios of devices are equally set as (a) ζT = 0.1 %, (b) ζT = 0.3 %, and (c) ζT = 0.6 %. 

Fig. 15. Mean RRF of peak IDA of primary structure under LP group of ground motions, while damping ratios of devices are equally set as (a) ζT =

0.1 %, (b) ζT = 0.3 %, and (c) ζT = 0.6 %. 
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is not so obvious. 
Fig. 16 shows the mean peak IDA responses of the primary structure under the control of the various devices. The interstory 

deformation distributions of the noncontrol structure obviously differ from those under the LP ground motions. This is because the 
fundamental period of the primary structure is about one second, whereas the peak spectral values of the SP ground motions are 
around 0.5 s, and the higher-order modal response of the structure is more likely to be amplified. For the lower stories, the RRFs under 
the control of TNSID1 are almost equal to those of TNSID2 and TID1, indicating that the proposed EDR-based design methodology and 
the additional NS element do not enhance the control performance and efficiency significantly. For the upper floors, such enhancement 
effect becomes more obvious when the damping ratio is equal to 0.1 %. Therefore, the advantages of the proposed design methodology 
and NS elements under the excitation of the SP group of ground motions are not evident in general, compared to the LP group of ground 
motions. By comparing the results in Fig. 14, the law revealed in Section 4.1 is verified, i.e., when the structural fundamental period is 
close to the predominant period of the ground motion, it is beneficial to utilize the advantages of the proposed design methodology and 
the additional NS element. When the fundamental period deviates from the ground motion predominant period, these advantages 
become less significant, and this change is more remarkable for the MDOF primary structure. Nevertheless, the high control efficiency 
of TNSID1 is still noticeable compared to the VD with the same damping ratio. Meanwhile, there is no significant inferiority of TNSID1 
compared to TNSID2, TID1, and TID2 in all cases. 

Fig. 17 presents the mean RRF of the peak IDA response of the primary structure with the various devices, while the ten ground 
motions of the SP group are considered. For different values of the damping ratio ζT , control performance at the third and fourth stories 
is relatively better. This could be explained by the fact that the TNSIDs and TIDs are more effective in controlling the response near the 
predominant period of the ground motion, the predominant period of the SP ground motions is close to the higher-order modes of the 
structure, whereas the IDA response at the third and fourth stories are mainly governed by the higher-order modes. This difference 
between the stories tends to decrease with the increase of ζT. When ζT = 0.1 %, The control performance of TNSID1 surpasses that of 
both TNSID2 and TID1 across all the stories, demonstrating the advantages of the proposed EDR-based design methodology and the 
additional NS element in enhancing the control performance and control efficiency. 

5. Conclusions 

In this study, the EDR-oriented investigation on TNSID is conducted for seismic application. The EDR-based design methodology is 
proposed to obtain the closed-form solution for the optimal design parameters. The benefits of the proposed EDR-based design 
methodology and the additional NS element in enhancing the control performance and efficiency of TNSID are validated. The main 
conclusions can be summarized as follows.  

1) The closed-form solution for the optimal parameters of TNSID is proposed by ignoring the inherent damping of the primary 
structure to simultaneously maximize the additional EDR and EDRE factors. The optimal control performance and control effi
ciency of TNSID can be consequently achieved. Note that the inherent damping of the primary structure exerts a negligible in
fluence on the optimal parameters of TNSID, which supports the reasonability of disregarding this factor in the derivation process. 

Fig. 16. Mean peak IDA of noncontrol and controlled primary structures under SP group of ground motions, while damping ratios of devices are 
equally set as (a) ζT = 0.1 %, (b) ζT = 0.3 %, and (c) ζT = 0.6 %. 
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2) For the preferable efficiency of the EDRE effect, it is advisable to maintain the TNSID inertia mass ratio below 0.5. Moreover, the 
proposed EDR-based design methodology ensures that TNSID achieves superior control performance compared to VD, particularly 
under restricted conditions where the damping ratio is less than 1 %.  

3) The comparison results of the optimal additional EDR and EDRE factor between TNSIDs and TIDs reveal that the additional NS 
element in TNSID leads to enhanced control performance and efficiency compared to TID. Furthermore, this enhancement effect 
becomes more pronounced with increasing NS ratio. 

4) The advantages of the proposed EDR-based design methodology and the additional NS element in enhancing the control perfor
mance and efficiency of TNSID are influenced by the spectral characteristics of the ground motions. These advantages can be better 
realized when the predominant period of the ground motion is close to the fundamental period of the structure. 

It is noted that the optimal design of other inerter-based dampers (e.g., TVMD) with negative stiffness is also of utmost importance, 
which needs to be investigated following the EDR-based design methodology in the future. 
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Appendix: Design criterion of TID 

Fig. 1(a) shows the analytical model for the SDOF structure-TID system. The governing equations of motion for the TID-structure 
system subjected to the seismic ground motion ẍg could be written as: 

[
m1 + mT − mT
− mT mT

]{
ẍ1
ẍT

}

+

[
c1 0
0 cT

]{
ẋ1
ẋT

}

+

[
k1 0
0 kT

]{
x1
xT

}

= −

{
m1
0

}

ẍg. (A1) 

With identical system parameters definition of TID to those of TNSID, Eq. (A1) is rewritten as: 
[

1 + μ − μ
− μ μ

]{
ẍ1
ẍT

}

+

[
2ζ1ω1 0

0 2ζTω1

]{
ẋ1
ẋT

}

+

[
ω2

1 0
0 μγ2ω2

1

]{
x1
xT

}

= −

{
1
0

}

ẍg. (A2) 

Consequently, the displacement frequency transfer function of the primary structure under the control of TID is derived as: 

HTID
1 (iω) = μω2 − iω(2ζTω1) − μγ2ω2

1{
− iω3[2ω1(μζT + μζ1 + ζT)] − ω2[ω2

1
(
μ + μ2γ2 + μγ2+4ζ1ζT

)]

+iω
[
2ω3

1
(
μγ2ζ1 + ζT

)]
+ μγ2ω4

1 + μω4

}. (A3) 

According to the fixed-point strategy, to minimize the peak value of the displacement frequency transfer function, the closed-form 
expressions of optimal frequency ratio and damping ratio of TID could be respectively expressed as: 

γopt3 =
1

1 + μ and ζTopt3 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3μ3

8(1 + μ)3

√

. (A4) 

Assuming that the seismic excitations are the ideal white noise process, the additional EDR of TID could be obtained as: 

ζTID
s =

{
2μ3γ4ζ1ζT + μ2ζT

[
ζT + ζ1 + γ2ζ1

(
4ζ1ζT + 4ζ2

1 − 2 + γ2)]

+4μζ1ζ2
T
(
ζT + ζ1 + γ2ζ1

)
+ 4ζ1ζ3

T + μ4γ4( ζ2
1 + ζ1ζT

)

}

{
μ4γ4(ζT + ζ1)+4μζ2

T
[
ζ1 + ζT + γ2ζ1
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+ μ3γ2ζT

(
2γ2 − 1

)

+μ2ζT
[
1 − 2γ2 + γ4 + 4γ2( ζ2

1 + ζ1ζT
)]
+4ζ3

T

} − ζ1. (A5) 

Thus, the EDRE factor of TID is expressed as: 

GTID = ζTID
s − ζT . (A6) 

Similarly, to ensure that the maximum additional EDR and the optimal EDRE effect are achieved simultaneously, TID parameters 
should yield: 

∂GTID

∂μ =
∂ζTID

s
∂μ = 0 and

∂GTID

∂γ
=

∂ζTID
s

∂γ
= 0. (A7) 

By solving Eq. (A7), the closed-form expressions of optimal frequency ratio and damping ratio should be [74]: 

γopt4 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + μ/2

√

1 + μ and ζTopt4 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
μ3

8(1 + μ)3

√

. (A8)  
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